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Acoustic streaming in 2D rectangular resonant channels filled with a fluid with a spatial temperature distribution is studied within this work. An inertial force is assumed for driving the acoustic
field; the temperature inhomogeneity is introduced by resonator walls with prescribed temperature
distribution. The method of successive approximations is employed to derive linear equations for
calculation of primary acoustic and time-averaged secondary fields including the streaming velocity. The model equations have a standard form which allows their numerical integration using a universal solver; in this case, COMSOL Multiphysics was employed. The numerical results show that
fluid temperature variations in the direction perpendicular to the resonator axis influence strongly
the streaming field if the ratio of the channel width and the viscous boundary layer thickness is big
enough; the streaming in the Rayleigh vortices can be supported as well as opposed, which can ultiC 2017 Acoustical Society of America.
mately lead to the appearance of additional vortices. V
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I. INTRODUCTION
1,2

Acoustic streaming refers to a second-order net mean
fluid flow generated by and superimposed on the first-order
acoustic field. There are several different mechanisms by
which acoustic streaming is generated;2 within this work,
attention is paid to boundary-layer-driven streaming, first studied by Lord Rayleigh,3 appearing in a standing wave resonator
because of shear viscous forces near the fluid-solid boundary.
If the velocity of acoustic streaming is small enough so
that the effect of inertia on the fluid motion can be neglected
by comparison with viscous effects, we speak about “slow”
streaming. In the case of “fast” or “nonlinear” streaming, the
effect of inertia cannot be neglected any more. Whether
acoustic streaming is in slow or fast regime can be determined using the nonlinear Reynolds number4 Renl.
Acoustic streaming in resonators has been studied theoretically as well as experimentally. For theoretical study of
the slow streaming5–8 (Renl  1), methods of perturbation
analysis can be employed, theoretical study of the fast acoustic streaming9–13 (Renl  1) is usually based on methods of
computational fluid dynamics. Structure of the slow streaming
consists of inner (boundary-layer) and outer (Rayleigh) vortices if the resonant channel is wide enough,7,8 in the case of
the fast streaming, the outer vortices are distorted, additional
vortices may appear10,11 or the streaming structure can be
irregular.9 Experimental methods utilize laser Doppler velocimetry11,14–16 or particle image velocimetry.16–19
Acoustic streaming plays an important role in thermoacoustics, where it usually represents an unwanted mechanism of convective heat transfer which reduces the
efficiency of high-amplitude thermoacoustic devices; on the
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other hand, the heat transfer supported by acoustic streaming20 could find its application in cooling hot objects like
electronic components. In their experimental work,
Thompson et al.14 reported a strong sensitivity of acoustic
streaming velocity on thermoacoustically induced temperature gradient along the resonator axis. Recently, by comparing experimental data with results of numerical simulations,
Reyt et al.11 have shown that the departure of acoustic
streaming from slow- to fast-regime (distortion of vortices,
the appearance of additional outer vortices) is caused mainly
by the effects of inertia on the streaming flow, however, thermal effects are important and may cause the discrepancy
between results of numerical simulations and the experimental data. Heat transfer in rectangular channels with differentially heated walls and corresponding streaming structures
have also been studied by means of numerical simulations21–23 as well as experimentally.24,25
Even if acoustic streaming in resonators has been extensively studied and its behaviour and properties are relatively
well understood, resources regarding its interaction with
temperature-inhomogeneous fields are relatively scarce,
which was the motivation for us to carry out this study. The
work is focused on the properties of slow-streaming structures in fluid-filled rectangular resonant channels (resonators) with spatially variable walls’ temperature distribution,
which introduces fluid-temperature inhomogeneity.
In Sec. II of this paper, model equations are derived,
and a procedure for their numerical integration is proposed.
In Sec. III, numerical results are validated against an analytical model, and a strong dependence of acoustic streaming
structure on the fluid temperature distribution is demonstrated on three model cases. In Sec. IV, the numerical
results are analysed and discussed, and some generalities are
outlined; Sec. V concludes the paper.
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II. THEORETICAL MODEL

For 0 , we obtain

A. Model equations

$  ðj0 $T0 Þ ¼ 0;

As the acoustic streaming is a result of nonlinear wave
interactions, the Navier-Stokes equations serve as the starting point for its mathematical description. The mass,
momentum, and energy equation can be written in form
dq
¼ q$  u;
dt
q

(1a)

du
¼ $  r þ f;
dt

(1b)

dT
dp
qcp
 aT ¼ $  ðj$T Þ þ s : $u;
dt
dt

(1c)

where q is the density, u is the velocity vector, T is the temperature, p is the pressure, f is the body force density, as the
resonant channel is driven by an inertial force (by entirebody shaking); it reads f ¼ qaðtÞ, where aðtÞ is the channel’s acceleration. Within this work, effect of gravity on fluid
flow is not taken into account. Further, cp is the specific heat
capacity at constant pressure, a is the isobaric coefficient of
volumetric thermal expansion and j is the coefficient of thermal conduction. The total stress tensor r is defined as
r ¼ pI þ s



h
i
2
T
¼ pI þ l $u þ ð$uÞ  l  V~ ð$  uÞI;
3

(2)

where s is the viscous stress tensor, l is the shear viscosity,
V~ ¼ lB =l, where lB is the bulk viscosity and I is the identity
matrix. Generally, the material parameters are temperaturedependent, i.e., l ¼ lðTÞ; j ¼ jðTÞ; cp ¼ cp ðTÞ.
In Eqs. (1), the material derivative is defined as
dðÞ=dt ¼ @ðÞ=@t þ ðu  $ÞðÞ. It is assumed that the
fluid is an ideal gas for which the state equation has the form
p ¼ qRT, where R is the specific gas constant and thus
a ¼ (@q/@T)p/q ¼ 1/T.
Within this work, the set of Eqs. (1) is solved using the
method of successive approximations, i.e., it is assumed that
the field variables can be expressed as series
p ¼ p0 þ p1 þ 2 p2 þ    ;
q ¼ q0 þ q1 þ 2 q2 þ    ;
T ¼ T0 þ T1 þ 2 T2 þ    ;

u ¼ u1 þ 2 u2 þ    ;
a ¼ a1 ;

where   1 is a small dimensionless parameter (corresponding to the acoustic Mach number), p0, q0, and T0 are
the ambient quantities (without sound) considered as constants in time. It is assumed that p0 ¼ const; T0 ¼ T0 ðrÞ, and
q0 ¼ q0 ðrÞ ¼ p0 =RT0 ðrÞ. Further, p1, q1, T1 and u1 are the
primary acoustic variables supposed to be harmonic with
angular frequency x, which is the frequency of driving. The
quantities with indices bigger than one are the nonlinearly
generated terms; in this case, the terms with indices bigger
than two are neglected.
Within the method of successive approximations, the
above series are substituted into Eqs. (1) and the equations
for the same order of  are found.
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(3)

where j0 ¼ j(T0).
For 1 , we can write
@q1
þ $  ðq0 u1 Þ ¼ 0;
@t

h
i
@u1
 $  p1 I þ l0 $u1 þ ð$u1 ÞT
q0
@t



2 ~
 V ð$  u1 ÞI ¼ q0 a1 ;
 l0
3


@T1
@p1
þ u1  $T0 
 $  ðj0 $T1 Þ ¼ 0;
q0 cp0
@t
@t

(4a)

(4b)

(4c)

where cp0 ¼ cp ðT0 Þ; l0 ¼ lðT0 Þ, together with the linearised
state equation p1 =p0 ¼ T1 =T0 þ q1 =q0 . Equations (4) can be
used for calculation of the primary acoustic field.
For 2 the continuity equation (1a) can be rewritten as
@q2
þ $  ðq0 u2 Þ ¼ $  ðq1 u1 Þ:
@t

(5)

As we are further focused on slowly time-varying processes involving acoustic streaming, Eq. (5) is averaged over
one period s ¼ 2p/x resulting in
@
q2
 2 Þ ¼ M;
þ $  ðq0 u
@ts

(6)

where the bar denotes the one-period-averaged quantities, ts
is the time related to the large time-scale phenomena.26 The
source term reads
M ¼ $  hq1 u1 i:

(7)

Here, hfgi ¼ <½f~g~ =2; the tildes represent the complex
amplitudes of the corresponding quantities and the asterisk
stands for the complex conjugate.
Similarly, the momentum equation (1b) for 2 can be
written as

h
i
2
@u
T
 $  
p 2 I þ l0 $
u 2 þ ð$
u2Þ
q0
@ts



2 ~
 2 ÞI ¼ F;
l0
 V ð$  u
3

(8)

where
* 
+
@u1
F ¼  q1 a1 þ
 q0 hðu1  $Þu1 i
@t
+
*
h
i


l0 bl
T
~
T1 $u1 þ ð$u1 Þ  2=3 þ V ð$ u1 ÞI :
þ$ 
T0
(9)
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is the averaged mass transport velocity,7,26 the continuity
equation (12a) can be rewritten as

Here, the following relation was used:
lðT Þ  lðT0 þ T1 Þ  l0 þ 

l0 bl
T1 ;
T0

 M ¼ 0:
$m

where bl ¼ T0  ð@l=@TÞT0 =l0 . The last term in the source
term (9) accounts for the periodic variation of the viscosity
due to the acoustic temperature6,8 T1.
The energy equation (1c) for 2 can be written as


@ T2
@ p
 2  $T0  2  $  ðj0 $T2 Þ ¼ Q;
þu
q0 cp0
@ts
@ts
(10)

Q ¼ cp0

@T1
q1
@t





@w
;
@y

M
m
y ¼

@w
:
@x

From here, we can calculate the stream function as
(14)

$u1 þ ð$u1 ÞT 



The contours of the stream function represent the
streamlines.
j0 bj
T1 $T1
T0


2 ~
 V ð$  u1 ÞI : $u1 :
3
(11)

Here, the following relation was used:
jðT Þ  jðT0 þ T1 Þ  j0 þ 

j0 bj
T1 ;
T0

where
bj ¼ T0  ð@j=@TÞT0 =j0 .
Acoustic-temperatureinduced variation of the heat capacity was not taken into
account in Eq. (10) because it is weaker than in the case of
the viscosity and thermal conduction coefficients.
In the steady state, the averaged quantities do not
depend on time and thus Eqs. (6), (8), and (10) reduce into
 2 Þ ¼ M;
$  ðq0 u

h
i
u 2 þ ð$
u 2 ÞT
$  
p 2 I þ l0 $



2
 2 ÞI ¼ F;
 l0  V~ ð$  u
3
 2  $T0  $  ðj0 $T2 Þ ¼ Q:
q0 cp0 u

(12a)
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B. Numerical solution of the model equations

All the model equations were solved numerically using
finite-element-method software COMSOL Multiphysics. An
approach similar to the one presented previously27–29 was
employed here. The numerical procedure is schematically
depicted in Fig. 1 and it works as follows.
First, an equilibrium temperature distribution T0 in the
resonant channel is calculated employing Eq. (3) using corresponding boundary conditions for walls’ temperature. For
this purpose, Heat Transfer in Fluids, Stationary study type
is employed.
Second, the primary field quantities p1, u1 , T1, and q1
are calculated using the Linearised Navier-Stokes,
Frequency Domain (lnsf) study type, which solves Eqs. (4)
in the frequency domain. The term q0 a1 is used as a volume source in the momentum equation. The resonance frequency is determined using the frequency sweep.

(12b)
(12c)

Notice that at this level of approximation, Eqs. (12a) and
(12b) are decoupled from Eq. (12c) and Eq. (12c) is not in
fact needed for the calculation of the acoustic streaming
field. As a result of this, it is necessary to bear in mind that
this model does not take into account the convective heat
transport due to the acoustic streaming and the consequent
temperature re-distribution. The background temperature T0
for Eqs. (4) and (12) is calculated a priori employing Eq. (3)
and corresponding boundary conditions.
The structure of acoustic streaming can be easily visualised in the following way. If we introduce the averaged mass
 2 þ hq1 u1 i ¼ q0 u
 M , where u
M
 M ¼ q0 u
transport density m
4420

M
m
x ¼

 q0 cp0 hu1  $T1 i

cp0 hq1 u1 i  $T0 þ hu1  $p1 i þ $ 

þl0

As the steady averaged mass transport density field is
divergence-free, the stream function w can be introduced
such that in 2D Cartesian coordinates it holds

M
@m
M
@2w @2w @m
y
x

:
þ
¼
@y
@x
@x2 @y2

where


(13)

FIG. 1. (Color online) Flowchart of the computational procedure.
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FIG. 2. (Color online) Geometry of the computational domain.

Third, employing again the Linearised Navier-Stokes,
Frequency Domain (lnsf) study type, Eqs. (12) are solved for
 2 ; T2 , and q
 2 ; Eqs. (12) have
the averaged quantities p2 ; u
formally the same form as Eqs. (4), only the volume sources
differ; they are calculated using formulas (7), (9) and (11)
employing the previously calculated primary variables.
Within the Acoustic Module of the COMSOL
Multiphysics, only the frequency-domain and the timedomain (transient) studies are implemented for the linearised
Navier-Stokes equations. In order to reduce the computational
cost, the steady-state secondary field is calculated using the
frequency-domain analysis at the frequency of 0 Hz [actually,
the frequency of 1016 Hz was used which effectively eliminates the derivatives with respect to time in Eqs. (12)].
Fourth, the Poisson’s equation (14) is solved employing
Mathematics/Classical PDEs Interface with the homogeneous Dirichlet boundary conditions once the averaged mass
transport density has been determined in the previous step.
The numerical calculations were performed in 2D
Cartesian x-y geometry (see Fig. 2) modification for 2D axisymmetric geometry would be straightforward. The physical
conditions were assumed to be symmetric with respect to the
x axis so that the computational domain represented only a
half of the resonant cavity. No-slip and isothermal walls of
the cavity were assumed; driving with harmonic acceleration
with zero y-component was taken into account. The isothermal boundary conditions reflect the fact that the solid walls
of resonant cavities usually have heat capacity and conduction high enough to enforce constant temperature at the
solid-fluid boundaries.
Computational meshes were constructed in order to properly resolve the boundary layers along the walls, mapped
(structured) meshes with refinement along the walls were
found to work well; the independence of numerical results on
the mesh density was checked. Moreover, numerical results
were compared with an analytical model (see Sec. III A).
As the volume sources (7), (9), and (11) depend on the
spatial derivatives of the primary field quantities; rather fine
computational mesh is required. For example, in the case of
a resonant channel with the dimensions of 1.5 cm 30 cm,
the total number of used mesh-points was 240 1100, where
20 regularly spaced mesh-points discretized the boundary
layer thickness, and 50 mesh-points were used for a smooth
transition from the boundary layer to the inner volume,
where the mesh-points were regularly spaced again.

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
and the viscous boundary layer thickness dv ¼ 2l=q0 x.
pﬃﬃﬃ
L and thus
As at the resonance x
pc0/L, it holds dv
pﬃﬃﬃ
the resonator aspect ratio scales as L=H
L for given ratio
H/dv. That is why it is more convenient to study small resonator cavities, e.g., L 1 cm, if various aspects of acoustic
streaming are studied (corresponding model equations are
solved) numerically.9–11,13,23 Within this work, we do not
limit ourselves to study of small resonators. It means that the
numerical calculations require higher computational resources, but, as the equations are integrated in the frequency
domain, the calculations can be performed on a desktop
computer (in all the studied cases, less then 45 GB of RAM
were allocated by COMSOL). A typical computational time
is ca. 30 s for the calculation of the background temperature,
ca. 3 min for the primary field, ca. 3 min for the secondary
field, and ca. 30 s for the stream function (Intel Core
i7-5820 K processor).
The resonant cavities studied within this work were
assumed to have imposed temperature of walls Tw ¼ Tw(x),
and to be filled with air at normal atmospheric pressure. The
temperature-dependent values of the material parameters l,
j and cp are implemented in the material database of
COMSOL Multiphysics, the ones for air were used here.
All the numerical and analytical results are presented in
the conditions of the first resonance which was searched for
by a frequency sweep by maximization of the acoustic velocity amplitude in the resonator.
A. Comparison with an analytical model

In order to check that the computational mesh is fine
enough to resolve the boundary layer properly and that the
numerical results are reliable, they were compared with the
predictions of the analytical model by Hamilton et al.8 for
the case of a temperature-homogeneous fluid.
In this case, L ¼ 30 cm, H ¼ 1.5 cm, T0 ¼ 20 C,
f ¼ fres ¼ 570.5 Hz, resulting in H/dv ¼ 164. Figure 3 shows
the averaged mass transport velocity in the resonator as predicted by numerical and theoretical model. The averaged
mass transport velocity is normalized using the Rayleigh
u 1x ðx; 0Þj is
velocity uR ¼ 3=16  u20 =c0 , where u0 ¼ max½j~
the maximum longitudinal velocity amplitude in the resonator driven at its resonance frequency and c0 is the speed of
sound. It can be seen that the numerical and analytical results

III. NUMERICAL RESULTS

Hamilton et al.7,8 have shown that the streaming structure in a rectangular resonant channel driven at its resonance
frequency depends on the ratio of the resonator half-width H
J. Acoust. Soc. Am. 141 (6), June 2017

FIG. 3. (Color online) Comparison of numerical and analytical results: averaged mass transport velocity in a resonator, T0 ¼ 20 C, H/dv ¼ 164.
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FIG. 4. (Color online) Comparison of numerical and analytical results:
streamlines in a resonator, T0 ¼ 20 C, H/dv ¼ 164.

correspond to each other very well. Generally, the analytical
model overestimates the amplitudes of the primary-field
quantities as it does not take into account thermal losses at
the side walls29 x ¼ 0 and x ¼ L, this disagreement is concealed in Fig. 3 because of the normalisation.
Figure 4 shows the distribution of streamlines for the
same conditions as in the previous case, two Rayleigh vortices rotating in the opposite directions can be observed in the
figure. The fluid circulates from the acoustic-velocity nodes
(resonator end walls) along the resonator axis toward the
acoustic-velocity antinode (resonator centre) and returns in
the near wall region to close the loop; the fluid in the left
vortex rotates anti-clockwise, the fluid in the right vortex
rotates clock-wise. The inner vortices cannot be observed in
the figure because of the high value of H/dv. Again, the correspondence between the numerical and analytical results is
very good except for the close proximity of the side walls
x ¼ 0 and x ¼ L, where the analytical model does not capture
the streaming field correctly.29

B. Streaming in a fluid with spatially varying
temperature
1. Case 1

Let us assume the resonator walls with the temperature
distribution given as

FIG. 5. (Color online) (Top) Distribution of the ambient temperature along
the resonator wall and along its axis, Tw given by Eq. (15), DT ¼ 20 C,
L ¼ 30 cm, H ¼ 1.5 cm. (Bottom) Streamlines in the resonator.
4422
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FIG. 6. (Color online) Averaged mass transport velocity along the resonator
axis, L ¼ 30 cm, H ¼ 1.5 cm, and DT ¼ 0 C, 5 C, 10 C,…, 60 C; dash-dot
(red) line: DT ¼ 0 C, dashed (black) line: DT ¼ 10 C.

 
DT
2px
Tw ¼
1 þ cos
þ Tw0 ;
2
L

(15)

where Tw0 is the minimum temperature of the resonator
walls and DT is the maximum temperature difference. The
formula (15) serves as the boundary condition for Eq. (3) for
calculation of the fluid ambient temperature T0 ðrÞ. In all the
following cases, Tw0 ¼ 20 C and temperatures DT differ.
The wall temperature distribution (15) corresponds to
the case of thermoacoustically driven heat transport along
the resonator walls from acoustic-velocity antinode toward
the acoustic-velocity nodes.14
The top part of Fig. 5 shows the distribution of the ambient temperature in a resonator with L ¼ 30 cm, H ¼ 1.5 cm,
and DT ¼ 20 C. The solid line corresponds to the temperature along the wall T0(x, H), the dash-dot line corresponds to
the temperature along the resonator axis T0(x, 0). The temperatures slightly differ as it follows from the solution of Eq.
(3). The bottom part of the figure shows the streaming structure in the resonator. In this and the following figures, the
clockwise rotating vortices are denoted by red lines; the anticlockwise rotating ones are denoted by blue lines. It can be
observed (in comparison with Fig. 4) that due to the fluid
temperature inhomogeneity, there are two additional vortices
present in the central part of the resonator. The appearance
of the additional vortices is connected with the reversion of
the streaming velocity in the central part of the resonator.
Figure 6 shows the averaged mass transport velocity distribution along the x axis in the resonator with L ¼ 30 cm,
H ¼ 1.5 cm, and DT ¼ 0 C, 5 C, 10 C,…, 60 C. If DT
ⲏ 10 C (dashed line in Fig. 6), the reversion of the averaged
mass transport velocity appears. The figure reveals a strong
dependence of acoustic streaming structure on the temperature difference as well as its overall increase with the

FIG. 7. (Color online) Averaged mass transport velocity along the resonator
axis, L ¼ 30 cm, H ¼ 5, 6, 7,…, 12 mm and DT ¼ 100 C; dash-dot (red) line:
H ¼ 5 mm, dashed (black) line: H ¼ 8 mm.

Milan Cervenka
and Michal Bednarık

additional vortices (if present) are more pronounced in resonators with bigger aspect ratio H/L and the ratio H/dv.
2. Case 2

FIG. 8. (Color online) Averaged mass transport velocity along the resonator
axis, L ¼ 1, 2, 3,…, 10 cm, H ¼ L/20 and DT ¼ 100 C; dash-dot (red) line:
L ¼ 1 cm.

increased value of DT. For bigger values of DT, the streaming velocity within additional vortices can exceed the
streaming velocity within the Rayleigh vortices.
Figure 7 demonstrates the fact that for the given resonator length and the wall temperature difference DT, the
appearance of the additional vortices depends on the resonator width. In this case, L ¼ 30 cm, DT ¼ 100 C, and H ¼ 5,
6, 7,…, 12 mm. For example, for H ¼ 5 mm, the ratio H/dv
varies in the interval 42.8–55.4, for H ¼ 12 mm, it varies in
the interval 103.0–132.7. It can be observed that the streaming reversion appears in wider resonators, in this case, for
H ⲏ 8 mm (dashed line).
Figure 8 shows the distribution of the averaged mass
transport velocity along the axes of resonators with different
lengths L ¼ 1, 2, 3,…, 10 cm, but the same aspect ratio H/
L ¼ 1/20 and DT ¼ 100 C. For example, for L ¼ 1 cm, the
ratio H/dv varies in the interval 23.4 – 30.1, for L ¼ 10 cm, it
varies in the interval 74.3 – 95.5. It can be observed that the
additional vortices do not appear in the resonators with the
lengths of 1 cm and 2 cm, and they are more pronounced in
bigger resonators with higher ratio H/dv.
Figure 9 shows the distribution of the averaged mass
transport velocity along the axes of resonators with different
lengths L ¼ 5, 10, 15,…, 30 cm, but the same DT ¼ 100 C
and the same ratio H/dv, which varies (because of the wall
temperature distribution) in the interval ca. 79–101. As the
ratio H/dv is kept constant, the resonator aspect ratio
decreases with increasing length. For example, for L ¼ 5 cm,
H/L ¼ 1/13.3, for L ¼ 30 cm, H/L ¼ 1/32.6. It can be
observed that the bigger the resonator aspect ratio H/L, the
bigger the streaming velocity within the additional vortices.
It follows from the Figs. 6–9 that for the appearance of
the additional vortices in a resonator with given geometry,
the wall temperature variation DT must be big enough. The

FIG. 9. (Color online) Averaged mass transport velocity along the resonator
axis, L ¼ 5, 10, 15,…, 30 cm, H/dv the same for all the resonators,
DT ¼ 100 C; dash-dot (red) line: L ¼ 5 cm.
J. Acoust. Soc. Am. 141 (6), June 2017

Let us assume the resonator walls with the temperature
distribution given as
 
DT
2px
1  cos
þ Tw0 ;
(16)
Tw ¼
2
L
contrary to the previous case, here, the wall temperature
increases toward the resonator centre. The meaning of the
individual symbols is the same as before, again, in all the
following cases, Tw0 ¼ 20 C and temperatures DT differ.
The top part of Fig. 10 shows the distribution of the
ambient temperature along the wall and the axis of a resonator with L ¼ 30 cm, H ¼ 1.5 cm, and DT ¼ 20 C. Again, temperatures slightly differ as it follows from the solution of Eq.
(3). The bottom part of the figure shows the streaming structure in the resonator. It can be observed that due to the fluid
temperature inhomogeneity, there are two additional vortices
present, which, contrary to the previous case, reside near the
end-walls of the resonator cavity.
The appearance of the additional vortices is connected
with the reversion of the streaming velocity near the endwalls. Figure 11 shows the averaged mass transport velocity
distribution along the x axis in a resonator with L ¼ 30 cm,
H ¼ 1.5 cm, and DT ¼ 0 C, 5 C, 10 C,…, 60 C. When DT
ⲏ 15 C (dashed line in Fig. 11), the reversion of the averaged mass transport velocity appears. Again, a strong dependence of acoustic streaming structure on the temperature
difference DT can be observed. Numerical results show the
similar qualitative behaviour of the additional vortices as a
function of the resonator geometry as in the previous case.
3. Case 3

Let us assume the resonator walls with the temperature
distribution given as

FIG. 10. (Color online) (Top) Distribution of the ambient temperature along
the resonator wall and along its axis, Tw given by Eq. (16), DT ¼ 20 C,
L ¼ 30 cm, H ¼ 1.5 cm. (Bottom) Streamlines in the resonator.
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FIG. 11. (Color online) Averaged mass transport velocity along the resonator axis, L ¼ 30 cm, H ¼ 1.5 cm, and DT ¼ 0 C, 5 C, 10 C,…, 60 C; dashdot (red) line: DT ¼ 0 C, dashed (black) line: DT ¼ 15 C.

8
>
< Tw0
x  x1
Tw ¼ Tw0 þ DT
x
>
2  x1
:
Tw0 þ DT

for x < x1 ;
for x1 x < x2 ;
for x

(17)

x2 :

The temperature distribution (17) is a typical one encountered in thermoacoustics. The meaning of the individual
symbols is the same as before, again, in all the following
cases, Tw0 ¼ 20 C and temperature differences DT differ.
The top part of Fig. 12 shows the distribution of ambient
temperature along the wall and the axis of a resonator with
L ¼ 30 cm, H ¼ 1.5 cm, and DT ¼ 20 C. The temperatures
slightly differ as it follows from the solution of Eq. (3) in the
vicinity of x ¼ x1 and x ¼ x2, where the wall-temperature profile changes. The bottom part of the figure shows the streaming structure in the resonator. It can be observed that due to
the fluid temperature inhomogeneity, there is one additional
vortex present occupying the right-central part of the resonator. It can also be observed that the streamlines are much
denser in the right part of the resonator, where the temperature inhomogeneity is present, meaning that the streaming is
stronger here.
Figure 13 shows the averaged mass transport velocity
distribution along the x axis in a resonator with L ¼ 30 cm,
H ¼ 1.5 cm, and DT ¼ 0 C, 5 C, 10 C,…, 30 C. It can be
observed that in the right part of the resonator, the streaming
velocity manifests strong dependence on DT. Numerical

FIG. 13. (Color online) Averaged mass transport velocity along the resonator axis, L ¼ 30 cm, H ¼ 1.5 cm, and DT ¼ 0 C, 5 C, 10 C,…, 30 C; dashdot (red) line: DT ¼ 0 C, dashed (black) line.

results show the similar qualitative behaviour of the additional vortex as a function of the resonator geometry as in
the previous cases.
IV. ANALYSIS OF THE NUMERICAL RESULTS
A. General observations

Numerical results presented in Sec. III B reveal that for
the given wall-temperature maximum difference DT, the
temperature effects on the streaming are more prominent for
higher values of H/L and H/dv.
The Figs. 5, 10, and 12 suggest that the streaming structure is influenced particularly by ambient temperature variation along the y-axis. If DT0/Dy > 0, the streaming in the
Rayleigh vortices is supported; on the contrary, if DT0/
Dy < 0, the streaming in the Rayleigh vortices is opposed,
which may result in the streaming velocity reversion and
appearance of additional vortices.
If we assume that the typical length of the walltemperature variation is much bigger than the resonator halfwidth H, we can write30
T0 ðx; yÞ  Tw ðxÞ þ


1 d2 Tw  2
H  y2 ;
2
2 dx

(18)

which means that the streaming field is particularly influenced by wall temperature variation at the positions, where
jd2 Tw =dx2 j reaches high values, which can be observed in
Figs. 5, 10, and 12.
B. Acoustic streaming in a transverse temperature
gradient

The fact that the acoustic streaming structure is sensitive
to the ambient temperature variation along the y axis can be
demonstrated as follows. Let us assume the fluid ambient
temperature distribution in form
T0 ðx; yÞ ¼ Tw0 þ DT0

FIG. 12. (Color online) (Top) Distribution of the ambient temperature along
the resonator wall and along its axis, Tw given by Eq. (17), DT ¼ 20 C,
L ¼ 30 cm, H ¼ 1.5 cm. (Bottom) Streamlines in the resonator.
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Hy
;
H

(19)

where Tw0 ¼ 20 C and temperatures DT0 differ. The relation
(19) represents an ambient temperature distribution with a
constant slope along the y-axis. For example, the streaming
field for resonator dimensions L ¼ 30 cm, H ¼ 1.5 cm, and
DT0 ¼ 0.3 C can be seen in Fig. 14.
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temperature variation along the y axis is the same for all the
cases, and the streaming structure dependence on H/dv ratio
is observed.
V. CONCLUSIONS

FIG. 14. (Color online) Streamlines in a resonator, T0 given by Eq. (19),
DT0 ¼ 0.3 C, L ¼ 30 cm, H ¼ 1.5 cm.

It can be observed that a relatively small temperature
inhomogeneity of DT0 ¼ 0.3 C along the y axis can dramatically change the streaming pattern, here, two additional outer
vortices along the resonator axis appear.
Figure 15 shows the distribution of the streaming velocity along the resonator axis y ¼ 0 and along the line x ¼ 3L/4
for the above case for different values of DT0. If DT0 < 0, it
holds @T0/@y > 0 and the streaming velocity is supported. On
the contrary, if DT0 > 0, the streaming velocity begins to
reverse in the vicinity of the resonator axis for DT0 ⲏ 0:2 C,
which is accompanied by the appearance of additional vortices; for DT0 ¼ 1.0 C, these additional vortices occupy most
of the resonator volume (the Rayleigh vortices are pushed
toward the resonator wall).
C. Summary

The above-presented facts can be summarized as follows. For the given resonator length L and the wall temperature distribution Tw, the streaming is more influenced by the
wall temperature distribution for higher aspect ratios H/L,
see Fig. 7; first, as with increasing H the temperature difference DT0 along the y axis increases [see Eq. (18)] and second, as the ratio H/dv increases as well. If for the given wall
temperature distribution the resonator length L is varied and
the resonator aspect ratio is kept constant (Fig. 8), the

A set of equations for calculation of streaming field in a
temperature-inhomogeneous fluids was derived from the
Navier-Stokes equations using the method of successive
approximations. The derived equations have a standard form
of the linearised Navier-Stokes equations so that they can be
numerically integrated using a universal solver, in this case,
Acoustic Module of commercially available COMSOL
Multiphysic was employed. As the equations for the primary
field are solved in the frequency domain, and the equations
for the secondary field are solved for the steady-state, there
is no need for extensive computational resources. The influence of fluid-temperature inhomogeneities on the streaming
structure was studied in the case of rectangular resonant
channels with the spatial distribution of walls’ temperature.
It was shown that the fluid temperature inhomogeneity
influences the streaming structure significantly if there is a
spatial temperature variation in a direction perpendicular to
the resonator axis, and if the ratio H/dv is big enough. It was
shown that depending on the spatial temperature distribution
slope, the streaming in the Rayleigh vortices can be supported or opposed. Eventually, additional vortices can
appear.
As the corresponding model equations were derived
employing the method of successive approximations under
the condition of small Mach number, they do capture the
effect of the ambient temperature distribution on the streaming structure, but, they do not take into account the streaming as a means of heat transport (advection) influencing the
fluid ambient temperature distribution, which is consistent
with the assumption of streaming in a slow regime. In strong
acoustic fields, dissipation of acoustic energy, as well as
thermoacoustic phenomena, lead to complicated fluid temperature distributions which may influence the streaming
structure and vice versa.
To sum up, this work indicates that the thermal effects
on streaming are strong especially in larger geometries, for
which the standard numerical models require an excessive
amount of computational effort. In our future work, we
would like to address this issue and to propose a theoretical
model capable of capturing mutual streaming / thermal field
interactions in larger geometries, yet requiring reasonable
computational resources.
ACKNOWLEDGMENTS

This work was supported by GACR Grant No. 1523079S.
1

FIG. 15. (Color online) Averaged mass transport velocity along the resonator axis y ¼ 0 (top), and along the line x ¼ 3L/4 (bottom); DT0 ¼ 0.6 C,
0.4 C, 0.2 C [dash-dot (blue) lines], DT0 ¼ 0 C [solid (black) line],
DT0 ¼ 0.2 C, 0.4 C,…, 1.0 C [dashed (red) lines].
J. Acoust. Soc. Am. 141 (6), June 2017

W. L. Nyborg, “Acoustic streaming,” in Nonlinear Acoustics, edited by
M. F. Hamilton and D. T. Blackstock (Academic Press, San Diego, CA,
1998), pp. 207–231.
2
S. Boluriaan and P. J. Morris, “Acoustic streaming: From Rayleigh to
today,” Int. J. Aeroacoust. 2, 255–292 (2003).

Milan Cervenka
and Michal Bednarık

4425

3

Lord Rayleigh, “On the circulation of air observed in Kundt’s tubes, and
on some allied acoustical problems,” Philos. Trans. R. Soc. Lond. 175,
1–21 (1884).
4
L. Menguy and J. Gilbert, “Non-linear acoustic streaming accompanying
a plane stationary wave in a guide,” Acust. Acta Acust. 86, 249–259
(2000).
5
R. Waxler, “Stationary velocity and pressure gradients in a thermoacoustic
stack,” J. Acoust. Soc. Am. 109, 2739–2750 (2001).
6
H. Bailliet, V. Gusev, R. Raspet, and R. A. Hiller, “Acoustic streaming in
closed thermoacoustic devices,” J. Acoust. Soc. Am. 110, 1808–1821
(2001).
7
M. F. Hamilton, Y. A. Ilinskii, and E. A. Zabolotskaya, “Acoustic streaming generated by standing waves in two-dimensional channels of arbitrary
width,” J. Acoust. Soc. Am. 113, 153–160 (2003).
8
M. F. Hamilton, Y. A. Ilinskii, and E. A. Zabolotskaya, “Thermal effects
on acoustic streaming in standing waves,” J. Acoust. Soc. Am. 114,
3092–3101 (2003).
9
M. K. Aktas and B. Farouk, “Numerical simulation of acoustic streaming
generated by finite-amplitude resonant oscillations in an enclosure,”
J. Acoust. Soc. Am. 116, 2822–2831 (2004).
10
V. Daru, D. Baltean-Carlès, C. Weisman, P. Debesse, and G. Gandikota,
“Two-dimensional numerical simulations of nonlinear acoustic streaming
in standing waves,” Wave Motion 50, 955–963 (2013).
11
I. Reyt, V. Daru, H. Bailliet, S. Moreau, J.-C. Valière, D. Baltean-Carlès, and
C. Weisman, “Fast acoustic streaming in standing waves: Generation of an
additional outer streaming cell,” J. Acoust. Soc. Am. 134, 1791–1801 (2013).
12
D. S. Antao and B. Farouk, “High amplitude nonlinear acoustic wave
driven flow fields in cylindrical and conical resonators,” J. Acoust. Soc.
Am. 134, 917–932 (2013).
13
A. A. Gubaidullin and A. V. Yakovenko, “Effects of heat exchange and
nonlinearity on acoustic streaming in a vibrating cylindrical cavity,”
J. Acoust. Soc. Am. 137, 3281–3287 (2015).
14
M. W. Thompson, A. A. Atchley, and M. J. Maccarone, “Influences of a
temperature gradient and fluid inertia on acoustic streaming in a standing
wave,” J. Acoust. Soc. Am. 117, 1839–1849 (2005).
15
S. Moreau, H. Bailliet, and J.-C. Valière, “Measurements of inner and
outer streaming vortices in a standing waveguide using laser Doppler
velocimetry,” J. Acoust. Soc. Am. 123, 640–647 (2008).
16
I. Reyt, H. Bailliet, and J.-C. Valière, “Experimental investigation of
acoustic streaming in a cylindrical wave guide up to high streaming
Reynolds numbers,” J. Acoust. Soc. Am. 135, 27–37 (2014).

4426

J. Acoust. Soc. Am. 141 (6), June 2017

17

M. Nabavi, K. Siddiqui, and J. Dargahi, “Analysis of regular and irregular
acoustic streaming patterns in a rectangular enclosure,” Wave Motion 46,
312–322 (2009).
18
P. Debesse, D. Baltean-Carlès, F. Lusseyran, and M.-X. François,
“Oscillating and streaming flow identification in a thermoacoustic resonator, from undersampled PIV measurements,” Meas. Sci. Technol. 25,
025005 (2014).
19
E. S. Ellier, W. Kdous, Y. Bailly, L. Girardot, D. Ramel, and P. Nika,
“Acoustic streaming measurements in standing wave resonator using particle image velocimetry,” Wave Motion 51, 1288–1297 (2014).
20
G. Mozurkewich, “Heat transport by acoustic streaming within a cylindrical resonator,” Appl. Acoust. 63, 713–735 (2002).
21
M. K. Aktas, B. Farouk, and Y. Lin, “Heat transfer enhancement by
acoustic streaming in an enclosure,” J. Heat Transf. 127, 1313–1321
(2005).
22
Y. Lin and B. Farouk, “Heat transfer in a rectangular chamber with differentially heated horizontal walls: Effects of a vibrating sidewall,” Int. J.
Heat Mass Tran. 51, 3179–3189 (2008).
23
M. K. Aktas and T. Ozgumus, “The effects of acoustic streaming on thermal convection in an enclosure with differentially heated horizontal
walls,” Int. J. Heat Mass Tran. 53, 5289–5297 (2010).
24
M. Nabavi, K. Siddiqui, and J. Dargahi, “Effects of transverse temperature
gradient on acoustic and streaming velocity fields in a resonant cavity,”
Appl. Phys. Lett. 93, 051902 (2008).
25
M. Nabavi, K. Siddiqui, and J. Dargahi, “Influence of differentially heated
horizontal walls on the streaming shape and velocity in a standing wave
resonator,” Int. Commun. Heat Mass 35, 1061–1064 (2008).
26
A. Boufermel, N. Joly, P. Lotton, M. Amari, and V. Gusev, “Velocity of
mass transport to model acoustic streaming: Numerical application to
annular resonators,” Acust. Acta Acust. 97, 219–227 (2011).
27
P. B. Muller, R. Barnkob, M. J. H. Jensen, and H. Bruus, “A numerical
study of microparticle acoustophoresis driven by acoustic radiation
forces and streaming-induced drag forces,” Lab Chip 12, 4617–4627
(2012).
28
Q. Tang and J. Hu, “Diversity of acoustic streaming in a rectangular
acoustofluidic field,” Ultrasonics 58, 27–34 (2015).
29

M. Cervenka
and M. Bednarık, “Variety of acoustic streaming in 2D resonant channels,” Wave Motion 66, 21–30 (2016).
30
N. Sugimoto and K. Tsujimoto, “Amplification of energy flux of nonlinear
acoustic waves in a gas-filled tube under an axial temperature gradient,”
J. Fluid Mech. 456, 377–409 (2002).


Milan Cervenka
and Michal Bednarık

