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Within this paper, optimal shaping of acoustic resonators for the generation of high-amplitude
standing waves through the use of evolutionary algorithms is discussed. The resonator shapes are
described using sets of control points interconnected with cubic-splines. Positions of the control
points are calculated by means of an evolutionary algorithm in order to maximize acoustic pressure
amplitude at a given point of the resonator cavity. As an objective function for the optimization
procedure, numerical solution of one-dimensional linear wave equation taking into account
boundary-layer dissipation is used. Resonator shapes maximizing acoustic pressure amplitude are
found in case of a piston, shaker, or loudspeaker driving. It is shown that the optimum resonator
shapes depend on the method of driving. In all the cases, acoustic field attains higher amplitude in
the optimized resonators than in simple-shaped non-optimized resonators of similar dimensions.
Theoretical results are compared with experimental data in the case of a loudspeaker driving, good
C 2014 Acoustical Society of America.
agreement of which is achieved. V
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I. INTRODUCTION

Many studies so far published have shown that it is
possible to generate effectively standing acoustic waves
even with overpressure exceeding the ambient pressure
several times, which enables their utilization in a variety of
practical applications. Pumping of fluids, stabilization of
electric discharges1 for plasma-chemical reactors, or thermoacoustics2 can be given as examples.
Gaitan and Atchley3 showed that introduction of the
cross-section variability in a piston-driven resonator can
significantly reduce energy transfer from the fundamental to
the higher modes, prevent shock-formation, and increase an
amplitude of the standing wave.
Lawrenson et al.4 presented in their experimental paper
concept of Resonant Macrosonic Synthesis (RMS) whereby
they obtained acoustic pressure amplitude more than an
order larger than it had been possible before. The concept is
based on so-called dissonant resonators, whose varying
cross-section cavities do not have the higher eigenfrequencies coincident with the harmonics of the nonlinearly
distorted waveform which results in the suppression of a
shock-wave formation. The authors demonstrated a strong
dependence of obtained maximum amplitude on the resonator shape (cylindrical, conical, horn-cone hybrid, and bulb).
Ilinskii et al.5 presented in their seminal theoretical
paper a quasi-one-dimensional model equation expressed in
terms of the velocity potential for description of highamplitude standing waves in axisymmetric but otherwise
arbitrarily shaped acoustic resonators. The model comprises
nonlinearity, viscous bulk attenuation, and entire-resonator
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driving by an external force (shaker-driving). A numerical
algorithm was proposed for integration of the model equation in the frequency domain, the numerical simulations
were conducted in case of a cylindrical, conical, and bulbshaped resonator. The numerical results were in good agreement with the experimental ones. The model was subsequently supplemented6 to account for energy losses in the
boundary-layer and the losses due to acoustically generated
turbulence.
Hamilton et al.7 and Mortell and Seymour8 investigated
theoretically dependence of the resonance frequencies of the
varying cross-sectioned resonators on their shapes and their
nonlinear shifts.
Chun and Kim9 investigated numerically the influence
of an entirely-driven resonant cavity shape on the compression ratio (ratio of the maximum and minimum pressure
attained at a chosen point in the resonator cavity during one
period) using a quasi-one-dimensional model equation based
on the conservation laws integrated in the time-domain using
a high-order finite-difference scheme. From the several simple studied shapes (cylindrical, conical, 1/2-cosine, and 3/4cosine), the 1/2-cosine offered the best performance.
Erickson and Zinn10 developed a Galerkin-methodbased algorithm for time-domain integration of the model
equation proposed in paper.5 They also showed that the
exponentially shaped resonator’s compression ratio strongly
and non-trivially depends on its geometrical parameters.
Luo et al.11 studied theoretically the effect of the resonator shape and dimension on its compression ratio in the
case of axisymmetric and low-aspect-ratio exponential
geometry, observing its decrease with shortening the resonator length and smaller radius-to-length ratio.
Li et al.12 optimized the parameters of simple-shaped
resonator cavities in order to maximize the compression ratio
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by means of numerical simulations based on a nonlinear
wave equation with volume acoustic energy attenuation
model.5 Within the numerical experiments, they achieved
the value of 48 in the case of an optimized horn-cone shape.
Luo et al.13 conducted numerical experiments in order
to compare piston- or entire-driving of exponentially shaped
cavity finding similar results.
Min et al.14 demonstrated experimentally the possibility
of generating strong nonlinear acoustic fields in loudspeakerdriven dissonant tubes.
High-amplitude acoustic fields in shaped resonators
were also studied numerically using conservation laws in
Refs. 15 and 16.
In all the above-mentioned papers, the same approach
was employed, i.e., the resonator shapes were described
using smooth elementary functions with fixed or adjustable
(Erickson and Zinn,10 Li et al.12) parameters, e.g., all the resonator cavities were non-symmetrical, wide at one end and
narrow at the other one, where the maximum pressure (or
compression ratio) was obtained.

Cervenka
and Bednarık17 used a more general approach
of parameterizing acoustic resonator shapes using control
points interconnected with cubic-splines. Using a linear
theory with a model of volume losses, they found a family of
shapes maximizing acoustic pressure at one of the cavity
ends.
This work follows-up and further develops paper17 in
two principal aspects. First, a model of dissipation of acoustic energy in an acoustic boundary layer was introduced as
the experiments conducted by the authors had shown limited
validity of results obtained using the model based on only
volume losses, and second, optimization for driving by a
loudspeaker driver was performed as this is probably the
most interesting case with respect to applications.
Similarly, as in Ref. 17 the optimization procedure is
based on a linear theory which means that the model cannot
predict the amplitudes and phases of the higher harmonics,
which is the cornerstone of the RMS technique. However,
cross-section variability makes the optimized resonator
shapes dissonant and therefore shock-wave formation is suppressed. As a result, the optimized resonator shapes provide
higher amplitudes of acoustic pressure than the ones proposed previously provided that the higher harmonics are not
excited too much.
Section II of this paper describes the mathematical
model used for description of the acoustic field in a variable
cross-section resonator together with the model of a loudspeaker driver. Details of the numerical optimization procedure are given in Sec. III. The results of numerical
experiments are discussed in Sec. IV and a comparison of
numerical and experimental data is provided in Sec. V to
validate the proposed approach. Section VI concludes the
paper.
II. MATHEMATICAL MODEL
A. Acoustic field in a resonant cavity

For a description of finite-amplitude standing waves in
axisymmetric variable cross-section resonators, the
1004
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following model equation derived in the second approximation was used:
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where u is the velocity potential, as is the acceleration of the
resonant cavity, t is the time, x is the spatial coordinate along
the resonator cavity, r ¼ rðxÞ is its radius, c0 is the smallsignal sound speed, c is the adiabatic exponent, d ¼ ½f
þ4g=3 þ jð1=cV  1=cp Þ=q0 is the diffusivity of sound,
where g, f are the coefficients of shear and bulk viscosity,
respectively, j is the coefficient of thermal conduction, cp ,
cV are the specific heats at constant pressure and volume,
respectively, and q0 is the ambient fluid
pﬃﬃﬃﬃﬃdensity. Coefficient
pﬃﬃﬃﬃﬃ
e is defined as e ¼ 0 ½1 þ ðc  1Þ= Pr, where 0 ¼ g=q0
is the kinematic viscosity and Pr ¼ gcp =j is the Prandtl
number.
Derivation of the model Eq. (1) is briefly outlined in the
Appendix. The terms on the left-hand side represent the linear wave equation describing one-dimensional wave motion
in a rigid-walled waveguide filled with non-dissipative fluid,
the first two terms on the right-hand side represent the
nonlinear effects, the third term represents driving by the
entire-resonator shaking, the fourth term represents the
thermo-viscous bulk attenuation and finally, the last term
represents the thermo-viscous attenuation due to the boundary layer. Additional losses due to acoustically generated
turbulence6 can be incorporated into this term in a straightforward way.
The applicability of Eq. (1) is limited by the secondorder approximation, by condition of a small fractional
change of the velocity potential over the cross-section, which
can be formulated as krjdr=dxj=2  1, see Pierce,18 where k
is the wavenumber and
further,
by small thickness of the
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
boundary layer dbl  0 =x  r.
As the aim of this work is to optimize the acousticresonator cavities for moderate acoustic fields and because
the nonlinearly generated higher-harmonic components are
usually suppressed in shaped resonators, the second-order
nonlinear terms in Eq. (1) are omitted (the equation is linearized) so that the equation reads
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Acoustic velocity v and acoustic pressure p0 (in the first
approximation) can be calculated from the velocity potential
using the well-known formulas
v¼
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As we are further focused on harmonically-driven
steady-state acoustic fields, we can represent all the acoustic
quantities as qðx; tÞ ¼ <½^
q ðxÞeixt . Substitution into Eq. (2)
results in
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Depending on the manner of driving, the following
boundary conditions are imposed. Driving by the entire-resonator-body shaking
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where l is the resonator cavity length; driving by a vibrating
piston at x ¼ l [in Eq. (3), a^s ¼ 0
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where a^p is a phasor of the piston acceleration; and driving
by a loudspeaker driver at x ¼ l [in Eq. (3), a^s ¼ 0


d^
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(6)

dx x¼0
where L is a linear function of an acoustic pressure phasor p^0 ,
an acoustic velocity phasor ^v , and a driving voltage phasor u^
describing (modeling) the driver (loudspeaker), see below.
As a general analytical solution of Eq. (3) is not known
for general rðxÞ, it has to be solved numerically. For this reason, dimensionless variables are convenient to introduce,
e.g., in the form
x
X¼ ;
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where x0 ¼ pc0 =l corresponds to the first eigenfrequency of
a constant cross-section resonator ended with rigid caps.
Using these new variables, Eq. (3) can be rewritten as
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Runge-Kutta method; the boundary-value problem was
solved using the shooting method.19
B. Loudspeaker driver

Driving the resonator by a loudspeaker driver is modeled using Eq. (6). In this case, the used relation has the
form
0
½Ze Zm
þ ðBlvc Þ2  ^v  Ze Sd p^0  Blvc u^ ¼ 0;

(8)

see Fig. 1 and, e.g., Merhaut,20 where Ze ¼ Re þ ixLe is the
electrical impedance of the driver voice coil, Re is the elec0
¼ Zm
trical resistance, and Le is the electrical inductance; Zm
2
þSd =ixCa , where Zm ¼ Rm þ ixM þ 1=ixCm is the driver
mechanical impedance, Rm is the mechanical resistance of
the driver diaphragm suspension, M is the moving mass of
the driver diaphragm assembly, Cm is the mechanical compliance of the driver diaphragm suspension; Sd is the effective piston area of the diaphragm, Ca ¼ Vb =q0 c20 is the
acoustic compliance of the enclosure behind the diaphragm,
where Vb is its volume; B is the magnetic flux density in the
driver air gap and lvc is the length of the voice coil in the
magnetic field.
III. OPTIMIZATION OF A RESONATOR SHAPE
A. Description of a resonator shape and its eligibility

So as not to restrict a resonator shape to a specific
pre-defined elementary function with only a few adjustable
parameters, it is defined using N control points distributed
regularly at positions
Xi ¼

iL
;
N1

i ¼ 0; 1; …; N  1;

where L ¼ 1 in case of a piston- or shaker-driven resonator
(entire resonator body is optimized) and L < 1 in case of a
loudspeaker-driven resonator (part of the resonator cavity is
constituted by the internal waveguide of the loudspeaker
driver). The corresponding values RðfXi gÞ ¼ fRi g are
searched for within a pre-defined interval Ri 2 hRmin ; Rmax i.
The function RðXÞ ¼ RðX; f½Xi ; Ri gÞ is then constructed
using the cubic-spline-interpolation of the control point pairs
½Xi ; Ri  (the function and its first and second derivatives are
continuous) with zero derivatives at the ends of the interval.
The values Ri are further required to guarantee the condition
Rmin  RðXÞ  Rmax

for any

X 2 h0; Li:

(9)

(7b)

where G ¼ px0 d=c20 is a coefficient accounting
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ for thermoviscous volume dissipation and C ¼ 2e= pc0 l is a coefficient accounting for influence of the boundary layer.
Equations (7a) and (7b) form a set of four first-order
linear ordinary differential equations for real and imaginary
parts of the variables U and W. The equations were integrated numerically using the adaptive-stepsize eight-order

FIG. 1. Lumped-element circuit model of a loudspeaker driver.

J. Acoust. Soc. Am., Vol. 136, No. 3, September 2014


Cervenka
et al.: Optimal shaping of acoustic resonators

1005

The used optimization criterion (objective function) was
the one for maximization of the acoustic pressure amplitude
at resonance frequency at one of the ends (x ¼ 0) of the
acoustic resonator; in case of a piston- or a shaker-driving, it
is defined as
kpa ¼

j^
p 0 ðx ¼ 0; X ¼ Xresonance Þj
;
j^
aj

(10)

where a^ ¼ a^p for piston-driving and a^ ¼ a^s for shakerdriving. In case of a loudspeaker-driving, it is defined as
kpu ¼

j^
p 0 ðx ¼ 0; X ¼ Xresonance Þj
:
j^
uj

(11)

The parameters kpa and kpu are further called the eligibility
factors. It is necessary to note that the value of the eligibility
factor depends on the resonator length (due to frequencydependence of the losses), maximum and minimum allowed
resonator radii Rmax , Rmin and, in case of loudspeakerdriving, on the physical parameters of the driver’s model. As
it is further shown, it is useful in some cases to restrict the
allowed resonance frequency (which depends on the resonator shape) in certain limits Xresonance 2 hXmin ; Xmax i. Using
this restriction, the resonator shape can be optimized for
being driven at a certain pre-defined resonance frequency.
B. Optimization procedure

For given model parameters and constraint conditions,
the eligibility factor kpx ¼ kpx ðfRi gÞ is a function of N variables RN ! R, whose maximum is to be found. As the maximized function probably possesses a multimodal topology
and as the definition domain of kpx is discontinuous [some
fRi g sets do not comply with the condition (9), especially at
the vicinity of the maximum], heuristic optimization methods seem to have reasonable use for this problem. In this
case, an uncorrelated-mutation-with-one-step-size variant of
self-adaptive (l, k)-ES Evolution Strategies21 was used.
In short, the procedure works as follows. A population
of k individuals is generated, each of whom is characterized
by its genome, namely, the set of control points fRi g. For the
first time, the control point sets are generated randomly.
The individuals are assessed and l best of them (the ones
with the highest values of the objective function kpx ) are
employed as parents. From the set of parents, pairs are randomly drawn, recombined and mutated until a new generation of k offspring is generated. The process continues until
the objective function value of the best offspring increases.
In this case, these values were used: l ¼ 20, k ¼ 7l.
Assessment of the objective function (the eligibility factor) works as follows, see Fig. 2. First, a control points set is
randomly generated in a specified range (the first generation)
or it is obtained by recombination and mutation within the
process of evolution (the following generations). In the
second case, it is checked whether the control points lie
within the pre-defined interval; if not, the control points set
is discarded. Then, after interpolation by cubic splines, it is
checked whether condition (9) is fulfilled; if not, the control
1006
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FIG. 2. (Color online) Flowchart of the algorithm for assessment of the resonator shape eligibility.

points set is discarded. Subsequently, it is checked whether a
resonance occurs in a pre-defined interval hXmin ; Xmax i. For
this purpose, Brent’s method22 is used for searching for a
resonance maximum in the given frequency interval. If
found, the resonator’s eligibility is calculated using Eq. (10)
or (11).
Because of its stochastic character, the process of maximization of the eligibility factor was repeated many times so
that the dispersion of the results could be assessed.
IV. NUMERICAL RESULTS

The numerical experiments were conducted for hardwalled axisymmetric cavities filled with air at room
conditions (c0 ¼ 345:2 m/s, q0 ¼ 1:193 kg/m3 , c ¼ 1:402,
cp ¼ 1004 J/kg K, g ¼ 1:827  105 kg/ms, f ¼ 1:096
105 kg/ms, j ¼ 25:87  103 J/K ms). In all cases, the
cavities were parametrized using N ¼ 10 control points.
A. Piston or shaker driving

Here, it is assumed that the resonator cavity is driven by
entire-shaking of its body with acceleration as or by a piston
positioned at x ¼ l vibrating with acceleration ap .
1. Frequency dependence

The optimization method allows searching for an
optimum shape of the resonant cavity in given frequency
interval hXx ; Xx þ DXi which allows studying also the
quasi-optimum cases and frequency dependence of the resonator shape and eligibility. In this case, the optimum shape is
defined as the one maximizing the eligibility factor defined
using Eq. (10).
Figure 3 shows results for DX ¼ 0:1, the resonator
length l ¼ 30 cm, maximum allowed radius rmax ¼ 2:5 cm,
and individual minimum allowed radii such that rmin =rmax
¼ 1=5; 2=5 and 3=5. The courses in the left part of the figure are related to driving at the first eigenfrequency, the ones
in the right part are related to driving at the second
eigenfrequency.
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FIG. 3. (Color online) Eligibility factors calculated in individual intervals
hXx ; Xx þ DXi in the case of piston- and shaker-driving.

The figure clearly shows that decreasing ratio rmin =rmax
allows to attain higher values of kpa and to decrease the minimum resonance frequency. In case of the piston-driving, kpa
for the first eigenfrequency depends on the allowed frequency interval hXx ; Xx þ DXi only moderately, whereas in
case of the shaker-driving, higher values of kpa are attained
at higher frequencies.
In case of the piston-driving, the optimum shapes (for
individual frequency ranges) have maximum allowed radius
rmax at the piston-end (x ¼ l) and they attain the minimum
allowed radius rmin , not necessarily at the place where the
acoustic pressure is maximized (x ¼ 0). The resonator
shapes change substantially according to the frequency interval of optimization. Two examples for rmin =rmax ¼ 1=5 can
be seen in Fig. 4. The top two figures show the resonator
shape (crosses denote the positions of the control points) and

distribution of amplitude of acoustic pressure divided by amplitude of the driving acceleration at the global maximum
(X1 ¼ 0:450, kpa ¼ 40:07 kg/m2 ). It can be seen that the
resonator shape is rather symmetric and very simple, similar
to the corresponding case studied in Ref. 17. The bottom
two figures show a high-frequency quasi-optimum case
(X1 ¼ 1:300, kpa ¼ 34:06 kg/m2 ), the shape is nonsymmetric with minimum radius at x ¼ 0.
As was mentioned above, the maximum value kpa
obtained in case of the shaker-driven resonators strongly
depends on the frequency interval of optimization. The lower
the value of rmin =rmax the lower resonance frequency can be
obtained, but the maximum kpa values are substantially
smaller than at higher frequencies. It can be seen in Fig. 3
that for lower frequencies, the maximum values kpa are the
same for different minimum allowed values of rmin =rmax , the
smallest values of resonator radii do not attain the minimum
allowed radius rmin .
Figure 5 shows the optimum shape of the shaker-driven
resonator for rmin =rmax ¼ 1=5 and distribution of the acoustic
pressure amplitude divided by amplitude of the driving
acceleration for driving at resonance (X1 ¼ 1:488, kpa
¼ 49:45 kg/m2 ). The resonator is bottle-shaped and
dissimilar to the optimum shapes for piston-driving.
The numerical results show that either in the case of
shaker- or piston-driving, the driving at the first eigenfrequency provides a higher value of kpa ; for the same ratio
rmin =rmax , shaker-driving offers higher maximum kpa than
the piston-driving. Optimum resonator shapes are different
for shaker- and piston-driving. The numerical results
obtained for the optimized resonators and some simpleshaped resonators are listed in Table I for comparison. It can
be noticed that the dimensionless resonance frequencies of
the shaped resonators are not integer multiples of the first
one—the resonators are dissonant. This fact prevents formation of a shock wave even at high amplitudes of acoustic
field. The dissonance in the case of the cylindrical resonator
is caused by the boundary-layer dispersion.
2. Sizing

Figure 6 shows the dependence of kpa for piston- and
shaker-optimized resonators on their dimensions. In both
cases, Rmax ¼ 1=12 and Rmin ¼ Rmax =5 and l ¼ 0:2 m–0.4 m.
The kpa parameter increases with the resonator dimensions
in a super-linear way l3=2 , because (1) with the increasing

FIG. 4. (Color online) Optimized resonator shape and distribution of normalized acoustic pressure amplitude along the resonator cavity for
rmin =rmax ¼ 1=5 and piston-driving. Top two figures—global optimum
(X1 ¼ 0:450, kpa ¼ 40:07 kg/m2 ); bottom two figures—high-frequency
quasi-optimum (X1 ¼ 1:300, kpa ¼ 34:06 kg/m2 ).
J. Acoust. Soc. Am., Vol. 136, No. 3, September 2014

FIG. 5. (Color online) Optimized resonator shape and distribution of normalized acoustic pressure amplitude along the resonator cavity for rmin =rmax
¼ 1=5 and shaker-driving; global optimum (X1 ¼ 1:488, kpa ¼ 49:45 kg/m2 ).
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TABLE I. Parameters of some simple-shaped and optimized resonators with
l ¼ 30 cm. In variable-cross-section resonators, rmin ¼ 0:5 cm, rmax ¼ 2:5
cm.
Cylindrical, r ¼ 2:5 cm
Xi ¼ 0:997; 1:996; 2:995; 3:995; 4:994; :::
Piston-driving: kpa ¼ 13:24 kg/m2
Shaker-driving: kpa ¼ 26:47 kg/m2
Conical
Xi ¼ 1:188; 2:126; 3:089; 4:065; 5:050; :::
Piston-driving: kpa ¼ 18:40 kg/m2
Shaker-driving: kpa ¼ 28:45 kg/m2
Piston-driving optimized, global optimum
Xi ¼ 0:450; 1:454; 2:605; 3:728; 5:147; :::
kpa ¼ 40:07 kg/m2
Piston-driving optimized, high-frequency quasi-optimum
Xi ¼ 1:300; 1:597; 2:893; 3:615; 5:155; :::
kpa ¼ 34:06 kg/m2
Shaker-driving optimized, global optimum
Xi ¼ 1:488; 1:992; 3:080; 4:157; 5:101; :::
kpa ¼ 47:70 kg/m2

resonator length, its resonance frequency decreases
pﬃﬃﬃﬃ and the
boundary-layer absorption is proportional to x, and (2)
with increasing resonator dimensions, the ratio of section to
circumference increases which decreases the influence of the
boundary-layer absorption. In the studied interval of resonator dimensions, the optimization algorithm always converged to the same resonator shapes (depicted in the top part
of Fig. 4 and in Fig. 5.
Similar characteristics can be found for variable resonator length l and fixed values of rmin and rmax . Because in this
case the ratios of section to circumference do not pchange
ﬃ
with the resonator length, the ratio kpa increases as  l.
3. Comparison with previously-used shapes

In this section, parameters of acoustic fields generated in
optimized resonators are compared with the ones used by
Lawrenson et al.4 (cone, horn-cone, and bulb—in this case
only the central part for 0  x  28 cm is taken). In all the
cases, the individual optimized shapes have the same length
and the minimum and maximum radii as their counterparts; the
optimization is performed for shaker-driving. A comparison of
the individual shapes can be seen in Fig. 7. Table II

FIG. 7. (Color online) Resonator shapes used by Lawrenson et al. (Ref. 4)
and their equivalents optimized for shaker-driving.

summarizes the parameters of the original shapes and their
optimized equivalents. It can be seen that in the case of cone
and horn-cone, the optimization results in about a twofold
increase of the kpa parameter, in the case of the bulb-shaped
cavity, the increase is not so significant as the shapes are
similar.
Figure 8 shows the dependence of the first harmonics of
acoustic pressure at the small end of the horn-cone and the
corresponding optimized cavity on the amplitude of driving
acceleration calculated at resonance using numerical solution of Eq. (1). It can be observed that the optimized resonator provides higher amplitudes of acoustic pressure even in
the case of relatively strong fields. Due to dissonance, nonlinear distortion is small in both cases, e.g., for the optimized
p 2 =^
p 1 j ¼ 5:6% and
shape and j^
a s j ¼ 400 m/s2 , j^
p 1 j ¼ 6:7%. It can also be seen in Fig. 8 that the slope of
j^
p 3 =^
the characteristics for the optimized cavity decreases with
increasing driving amplitude mainly as a result of increasing
losses due to transition to turbulence6 in the boundary layer
in the longer narrow part of the resonator cavity.

TABLE II. Comparison of parameters of resonator shapes used by
Lawrenson et al. (Ref. 4) with the corresponding ones optimized for shakerdriving.
Cone, Lawrenson et al. (Ref. 4), Eq. (3)
Xi ¼ 1:282; 2:230; 3:185; 4:151; 5:126; :::
Shaker-driving: kpa ¼ 45:51 kg/m2
Optimized equivalent
l ¼ 17 cm, rmin ¼ 0:56 cm, rmax ¼ 5:12 cm
Xi ¼ 1:648; 2:076; 3:164; 4:261; 5:205; :::
Shaker-driving: kpa ¼ 91:82 kg/m2
Horn-cone, Lawrenson et al. (Ref. 4), Eq. (4)
Xi ¼ 1:444; 2:258; 3:083; 4:067; 5:067; :::
Shaker-driving: kpa ¼ 87:75 kg/ m2
Optimized equivalent
l ¼ 24 cm, rmin ¼ 0:68 cm, rmax ¼ 7:27 cm
Xi ¼ 1:681; 2:084; 3:206; 4:298; 5:210; :::
Shaker-driving: kpa ¼ 163:34 kg/m2
Bulb, Lawrenson et al. (Ref. 4), Eq. (5)
Xi ¼ 1:811; 2:475; 3:213; 4:181; 5:168; :::
Shaker-driving: kpa ¼ 161:94 kg/m2

FIG. 6. (Color online) Dependence of kpa on the resonator dimensions in the
case of piston- and shaker-optimization. In both cases, Rmax ¼ 1=12 and
Rmin ¼ Rmax =5.
1008
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Optimized equivalent
l ¼ 28 cm, rmin ¼ 0:56 cm, rmax ¼ 7:70 cm
Xi ¼ 1:739; 2:104; 3:276; 4:383; 5:242; :::
Shaker-driving: kpa ¼ 203:01 kg/m2
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FIG. 8. (Color online) Amplitude of the first harmonics of acoustic pressure at
the small end of the horn-cone and corresponding optimized resonator as a
function of driving acceleration amplitude; calculated at resonance frequency.

B. Driving by a loudspeaker driver

For both numerical and real experiments with a loudspeaker driver, a Selenium (Brasil) D405Ti compression driver
was used, from which the phase-plug was removed. Parameters
of its lumped-element-circuit model were determined by
measurement as follows: Re ¼ 6:5X, Le ¼ 6:7  105 H,
Rm ¼ 7:48 kg/s, M ¼ 4:1 g, Cm ¼ 1:24  105 s2 /kg,
Vb ¼ 187 cm3 , Sd ¼ 90 cm2 , and Blvc ¼ 9:6 Tm. The driver
contains a variable-cross-section axisymmetric internal waveguide of length lint ¼ 59 mm and r1 ¼ 25 mm output radius.
Its geometrical model is depicted in Fig. 9.
Due to the internal waveguide, the entire resonator
length is given as
l ¼ lint þ lext ;
where lext is the length of the external waveguide whose
shape is optimized.
Because of the internal waveguide and acoustic impedance of the driver’s mechanism, the optimum resonator
shapes substantially differ from the ones found for the case
of the piston-driving.
Figure 10 shows the optimum shape for lext ¼ 30 cm,
rmax ¼ rðx ¼ lint Þ ¼ r1 ¼ 2:5 cm (the external resonator
radius matches the internal waveguide output), and rmin
¼ rmax =5 and the corresponding wavemode. Its parameters,
together with the ones for some simple-shaped non-optimized resonator cavities attached to the driver are shown in
Table III. It can be observed that the acoustic pressure amplitude in the optimized cavity attains almost 6 higher amplitude than in the case of a cylindrical cavity and 2:4 higher

FIG. 10. (Color online) Optimized resonator shape and distribution of
normalized acoustic pressure amplitude along the resonator cavity for
rmin =rmax ¼ 1=5 and driving with a loudspeaker driver. The vertical line
denotes the beginning of the driver’s internal waveguide. (X1 ¼ 1:188,
kpu ¼ 2693 Pa/V).

amplitude than in the case of a conical cavity (with the same
rmin =rmax ratio).
It can be observed that even in the case of the cylindrical
resonator, the resonance frequencies are not integer multiples of the first one which is caused mainly because of the
driver’s variable-cross-section internal waveguide and output impedance of the driving mechanism.
V. EXPERIMENTAL VALIDATION

To validate the numerical results, some experiments
with loudspeaker-driven resonators were conducted. The
above-mentioned Selenium D405Ti compression driver with
removed phase-plug was utilized together with three axisymmetric resonators: (a) cylindrical one with r ¼ 2:5 cm
and lext ¼ 29:8 cm; (b) conical one with rmin ¼ 0:5 cm, rmax
¼ 2:5 cm; and lext ¼ 30 cm, and (c) the driver-optimized
one depicted in Fig. 10. The variable cross-section resonators were milled in two pieces of a duralumin block and
stuck together. Acoustic pressure was measured using 1/8 in.
G.R.A.S. (Denmark) Type 40DP microphone placed at the
symmetry-axis at the end of the resonators opposite the
driver. All the measurements were conducted in air at room
conditions. The experimental results were compared with the
numerical ones obtained using Eq. (1). The model of additional losses due to acoustically generated turbulence in
boundary layer6 provided good agreement of theoretical and
experimental data in the case of the strongest driving of the
optimized resonator. The parameter n characterizing the ratio between the dynamic viscosity and the eddy viscosity6
was set to n ¼ 1.
TABLE III. Parameters of some simple-shaped and optimized resonators
with lext ¼ 30 cm driven by the loudspeaker driver. In variable-cross-section
resonators, rmax ¼ 2:5 cm, rmin ¼ rmax =5.
Cylindrical, r ¼ 2:5 cm
Xi ¼ 0:828; 1:783; 2:869; 3:883; 4:909; :::
kpu ¼ 451 Pa/V
Conical
Xi ¼ 1:089; 2:012; 3:012; 3:983; 4:982; :::
kpu ¼ 1133 Pa/V

FIG. 9. Model geometry of the internal waveguide of loudspeaker driver
Selenium D405Ti; l1 ¼ 24 mm, l2 ¼ 21 mm, l3 ¼ 14 mm, r1 ¼ 25 mm,
r2 ¼ 39:5 mm, and r3 ¼ 53:5 mm.
J. Acoust. Soc. Am., Vol. 136, No. 3, September 2014

Optimized
Xi ¼ 1:188; 1:789; 2:916; 4:064; 4:921; :::
kpu ¼ 2693 Pa/V
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FIG. 14. (Color online) Time course of acoustic pressure measured in the
optimized resonator at f ¼ 549 Hz (resonance), driving voltage amplitude
U0 ¼ 15 V.

FIG. 11. (Color online). Frequency characteristics of amplitude of the first
harmonics of acoustic pressure in loudspeaker-driven cylindrical resonator—comparison of theoretical and experimental data.

FIG. 12. (Color online) Frequency characteristics of amplitude of the first
harmonics of acoustic pressure in loudspeaker-driven conical resonator—
comparison of theoretical and experimental data.

Figures 11–13 show frequency characteristics of amplitude of the first harmonics of acoustic pressure measured and
calculated in the case of individual resonators for different
driving voltage amplitudes. The agreement of the experimental and numerical data is quite good in the case of the
cylindrical (Fig. 11) and conical resonator (Fig. 12) even for
higher driving voltages.
In the case of the driver-optimized resonator, the agreement is a little worse. For driving voltage amplitude of 1 V,
the resonance frequency calculated fr calc ¼ 571 Hz differs
from the resonance frequency measured fr meas ¼ 551 Hz by
3.6%. This discrepancy can possibly be attributed to differences between the mathematical description of the resonator
shape and the actual shape of the manufactured resonator.
Considering this fact, the frequencies in Fig. 13 were normalized to individual resonance frequencies X0 ¼ f =fr x .
Resonance frequency of the system decreases with increasing driving voltage amplitude, the value of 549 Hz was
measured when 15 V driving voltage amplitude was used.
The numerical results also predict this softening-spring-like
behavior.
For driving voltage amplitude of 15 V the first harmonics in the optimized resonator attains an amplitude of
j^
p 01 j ¼ 36 000 Pa at resonance, which is 2 more than in the
case of the conical resonator and 5:4 more than in case of
the cylindrical resonator. It can be seen in Fig. 14 that the
time-course of the acoustic pressure is distorted but a shockwave is not present.
VI. CONCLUSIONS

FIG. 13. (Color online) Frequency characteristics of amplitude of the first
harmonics of acoustic pressure in loudspeaker-driven optimized resonator—
comparison of theoretical and experimental data.
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A new method was proposed for optimization the
acoustic-resonator shapes for generation of high-amplitude
acoustic fields driven by a piston, shaker, or a loudspeaker
driver. The numerical results show that the optimum shapes
differ for individual manners of driving and that use of a
properly optimized resonant cavity results in substantially
stronger acoustic field compared with simple-shaped resonators of similar dimensions. Good agreement of the numerical
results with the experimental data confirms the necessity of
introduction of the model of boundary-layer acoustic energy
dissipation in the governing equations used for the optimization procedure. The numerical experiments indicate that
similar results can be obtained either in case of piston- or

Cervenka
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shaker-driving, if correspondingly optimized resonators are
used and, moreover, a resonant cavity for piston-driving can
be tuned in a wide range of frequencies.
It has been shown that even if the optimization procedure is based on a linear theory (and thus it cannot predict
behavior of strongly nonlinear acoustic fields), it provides a
systematic means of design of resonant cavities for highamplitude acoustic applications such as, e.g., thermoacoustic
devices or plasma-chemical reactors. Utilizing the appropriately optimized resonant cavities together with commercially
available loudspeakers could increase economic attractiveness of these promising applications.

This work was supported by GACR Grant No. P101/12/
1925. The numerical calculations were performed at
Computing and Information Centre of CTU.
APPENDIX: DERIVATION OF THE MODEL EQUATION

The second-order nonlinear model Eq. (1) is similar to
the one published in Ref. 23. It issues from the gas-dynamics
equations for one-dimensional flow in axisymmetric variable-cross-section hard-walled waveguide which have the
following form (meaning of the individual symbols is
explained in Sec. II).
The continuity equation
ðt

rvð x; sÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ds;
ts
1

(A1)

where p is the total fluid pressure.
The state equation for an ideal gas in the second approximation can be written in the form
p

¼ c20 q0 þ

@u
;
@t



c20
1 1 1 @ð 2 Þ
02
r v;

ðc1Þq j
2q0
cV cp r 2 @x

(A3)

see, e.g., Makarov and Ochman,25 where q0 ¼ q  q0 is the
acoustic density.
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The first-order wave equation


1 @
1 @2u
2 @u
r
¼
r2 @x
@x
c20 @t2

(A4)
(A5)

(A6)

is substituted into the second-order terms so that we can
eliminate the spatial derivatives.
Introducing the velocity potential in Eq. (A2), dropping
the third-order terms and substituting for acoustic density
from Eqs. (A4) and (A5) yields after integration with respect
to the spatial coordinate x in
 2
 2
@u
q0 @u
q0 @u
 q0 ax þ 2

p ¼ q0
2 @x
@t
2c0 @t

 2
1
4
@ u
þ 2 fþ g
:
3
@t2
c0
0

where q is the total fluid density. The term on the right-hand
side describes the influence of the acoustic boundary layer
on the fluid flow. Equation (A1) corresponds to the continuity equation used by Ilinskii et al.,6 the model based on this
equation provides better agreement between numerical and
experimental data than the variant of the continuity equation
used by Chester,24 especially in the case of higher values of
jdr=dxj.
In the case of high-amplitude acoustic fields, the model
of increasing effective viscosity and thermal conductivity
due to turbulence generated in the boundary layer6 describes
the well observed increase of acoustic energy dissipation.
The momentum equation, see, e.g., Ilinskii et al.,5 reads




 
@v
@v
@p
4
@ 1 @ð 2 Þ
þv
r
v
;
q
¼ qas  þ f þ g
@t
@x
@x
3
@x r2 @x
(A2)

0

p0 ¼ q0

p0 ¼ c20 q0 :
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In the following text, it is assumed that the acoustic
quantities p0 , q0 , and v together with the fluid parameters g,
f, and j are the first order of smallness and the driving acceleration as is the second order of smallness.
Within the second approximation, terms of the third and
higher orders are discarded in the respective equations and
the first-order approximations are substituted into the
second-order terms. In the first approximation, the momentum equation (A2) integrated with respect to the spatial coordinate x and the state equation (A3) have form

(A7)

Equation (A6) was used for the further simplification in one
of the second-order terms.
Introducing the acoustic quantities together with the
velocity potential in the continuity equation (A1), employing
relations (A4), (A5), and (A6) in the second-order terms and
dropping the higher-order terms results in


 2
 2
@q0
q @
@u
q @ @u
q @ @u
r2
þ 04
¼  20
þ 02
@x
@t
r @x
2c0 @t @t
2c @t @x

 0
ðt
2eq
1 @ @uð x; sÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ds:
(A8)
r
þ pﬃﬃﬃ 02
@x
pr 1 t  s @x
Taking the time derivative of Eq. (A3), introducing the
velocity potential and employing relations (A4), (A5), and
(A6) in the second-order term results in
 2
0
@p0
q0
@ @u
2 @q
¼ c0
þ
ðc  1Þ
@t
@t 2c20
@t @t

 3
j 1
1 @ u
 2

:
c0 cV cp @t3

(A9)

The time-derivative of Eq. (A7) together with Eqs. (A8)
and (A9) can be used to eliminate the acoustic pressure and
density resulting in the second-order model equation (1).
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Compared to the third-order model equation used by Ilinskii
et al.,5 Eq. (1) can be used for calculation of moderate acoustic fields with much less numerical effort.
Acoustic pressure can be calculated from the solution of
Eq. (1) using Eq. (A7). The model equation (1) can be integrated numerically in frequency domain as was proposed in
Ref. 5.
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